arXiv:math-ph/0503017v2 7 Jun 2005 


New characterizations of the region of 
complete localization for random Schrodinger 

operators 

Francois Germinet * Abel Klein ^ 


Abstract 

We study the region of complete localization in a class of ran¬ 
dom operators which includes random Schrodinger operators with 
Anderson-type potentials and classical wave operators in random 
media, as well as the Anderson tight-binding model. We establish 
new characterizations or criteria for this region of complete localiza¬ 
tion, given either by the decay of eigenfunction correlations or by the 
decay of Fermi projections. (These are necessary and sufficient con¬ 
ditions for the random operator to exhibit complete localization in 
this energy region.) Using the first type of characterization we prove 
that in the region of complete localization the random operator has 
eigenvalues with finite multiplicity. 


1 Introduction 

We study localization in a class of random operators which includes random 
Schrodinger operators with Anderson-type potentials and classical wave op¬ 
erators in random media, as well as the Anderson tight-binding model. For 
these operators localization is obtained either by a multiscale analysis msi 

[pm^irmri inTiig^ inTTniinraiT^ihTniiFO 

iFT^iwTi[m!Hi[!d^irwninTni [??ti iTn7^[n^ 

or, in certain cases, by the fractional moment method HMHHESEHIIMI 
In addition to pure point spectrum with exponentially lo¬ 
calized eigenfunctions, localization proved by a either a multiscale analysis 
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or the fractional moment method always include other properties such as 
dynamical localization m innir^3TFdTiiT)??ii7TFrniAK 

In |(IK5| we proved a converse to the multiscale analysis: the region 
of dynamical localization coincides with the region where the multiscale 
analysis (and the fractional moment method, when applicable) can be per¬ 
formed. We also gave a large list of characterizations of this region of 
localization, that is, necessary and sufficient conditions to be satisfied by 
the random operator in this energy region for a multiscale analysis to be 
performed at these energies ITiTTI Theorem 4.2]. This region of localization 
is the analogue for random operators of the region of complete analyticity 
for classical spin systems IHoHIlinoEll- For this reason we call it the re¬ 
gion of complete localization. (Note that the spectral region of complete 
localization is called the strong insulator region in IHKl], and the region 
of complete localization is called the region of dynamical localization in 

[SkH].) 

In this article we establish two new consequences of the multiscale anal¬ 
ysis that are also characterizations of the region of complete localization, 
given either by the decay of eigenfunction correlations or by the decay of 
Fermi projections. Using the characterization by the decay of eigenfunc¬ 
tion correlations we prove that in the region of complete localization the 
random operator has eigenvalues with finite multiplicity. 

In the one-dimensional case the multiplicity of eigenvalues is easily seen 
to be always less than or equal to 2. But for d > 1 this had only been 
previously known for in two cases. The first is the Anderson tight-binding 
model with bounded density for the probability distribution of the sin¬ 
gle site potential, which has simple eigenvalues in the region of localization 
ISlIKIMl The second is its continuum analogue, Anderson-type Hamiltoni¬ 
ans in the continuum with bounded density for the probability distribution 
of the strength of single site potential, for which the finite multiplicity of 
eigenvalues in the region of localization is known iTwn . (Although Si¬ 
mon’s original proof for the Anderson model |S] does not shed light on 
the continuum, the recent proof by Klein and Molchanov \kTm\ indicates 
that these Anderson-type Hamiltonians in the continuum should have sim¬ 
ple eigenvalues in the region of localization. The missing ingredient is a 
continuous analogue of Minami’s estimate |M).l 

Our proof of finite multiplicity of eigenvalues only requires the condi¬ 
tions for the multiscale analysis, so it applies in great generality. It neither 
requires probability distributions with bounded densities, nor the unique 
continuation property for eigenfunctions, both requirements for the Combes 
and Hislop result |CoHl| . In particular, our result applies to random Lan¬ 
dau Hamiltonians |CoH2[ IWII ICKSI ICKS| and to classical wave operators 
(e.g., acoustic and Maxwell operators) in random media |FK3[ IFI^ IK1K| . 

We first characterize the region of complete localization by the decay 
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of the expectation of eigenfunction correlations (Theorem QJ. We call this 
characterization the strong form of “Summable Uniform Decay of Eigen¬ 
function Correlations” (SUDEC). SUDEC has also an almost-sure ver¬ 
sion which is essentially equivalent to the SULE (“Semi Uniformly Local¬ 
ized Eigenfunctions”) property introduced in [ DeliJLSm IDeR.JLS^ . This 
almost-sure SUDEC is a modification of the WULE (“Weakly Uniformly 
Localized Eigenfunctions”) property in u (See also m for related proper¬ 
ties.) But although SUDEC has a strong form (i.e., in expectation), SULE 
does not by its very definition. 

Recently detailed almost-sure properties of localization like SULE or 
SUDEC, which go beyond exponential localization or almost-sure dynam¬ 
ical localization, turned out to be crucial in the analysis of the quantum 
Hall effect. In EUS], SULE is used to prove the equivalence between edge 
and bulk conductance in quantum Hall systems whenever the Eermi energy 
falls into a region of localized states. In E^ICnCHj . SUDEC is used to 
regularize the edge conductance in the region of localized states and get 
its quantization to the desired value. In EES], SUDEC is the main ingre¬ 
dient for a new and quite transparent proof of the constancy of the bulk 
conductance if the Eermi energy lies in a region of localized states. 

It is well known that in the region of complete localization the random 
operator has pure point spectrum with exponentially decaying eigenfunc¬ 
tions lErMSSI IDrKl lEIj . The SULE property is also known with expo¬ 
nentially decaying eigenfunctions inniinm . Theorem E yields easily an 
almost-sure SUDEC (and SULE) with sub-exponentially decaying eigen¬ 
functions. Combining the proof of P Theorem 1.5] with the argument 
in [dTkI IKlj . we obtain a form of SUDEC with exponentially decaying 
eigenfunctions (Theorem ISJ. (See |CK6| for more on SUDEC and SULE.) 

We conclude with a characterization of the region of complete local¬ 
ization by the decay of the expectation of the operator kernel of Fermi 
projections (TheoremPjl. a crucial ingredient in linear response theory and 
in explanations of the quantum Hall effect 

The derivation of SUDEC and of the decay of Fermi projections from 
the multiscale analysis is based on the methods developed in EH] and, 
in the case of the Fermi projections, the sub-exponential kernel decay for 
Gevrey-like functions of generalized Schrodinger operators given in jBoCK| . 
That they characterize the region of complete localization relies on the 
converse to the multiscale analysis, the fact that slow transport implies 
that a multiscale analysis can be performed EHj. 

This article is organized as follows: We introduce random operators, 
state our assumptions, and define the region of complete localization in 
Section 13 We state our results in Section |3| Theorem ^ and its corollaries 
are proved in Section Theorem [3 is proved in Section 13 The proof of 
Theorem 13 is given in Section 13 
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Notation: We set {x) := \/l + \x\'^ for x G By Al{x) we denote 
the open cube (or box) Al{x) in (or Z‘^), centered at a: S with 
side of length L > 0; we write Xx,l for its characteristic function, and 
set Xx ■= Xx,i- Given an open interval / C R, we denote by C^(I) the 
class of real valued infinitely differentiable functions on R with compact 
support contained in /, with being the subclass of nonnegative 

functions. The Hilbert-Schmidt norm of an operator A is written as ||^|| 2 , 
i.e., Il^lli = tTA*A. Ca,b,..., Ka,b,..., etc., will always denote some finite 
constant depending only on a,b,.... (We omit the dependence on the 
dimension d in final results.) 

2 Random operators and the region of com¬ 
plete localization 

In this article a random operator is a Z‘^-ergodic measurable map from 
a probability space (n,.F, P) (with expectation ¥.) to generalized Schrodinger 
operators on the Hilbert space Ti., where either Td = L^(R'^, dx; C”) or Ti. = 
£^(Z'^; C"). Generalized Schrodinger operators are a class of semibounded 
second order partial differential operators of Mathematical Physics, which 
includes the Schrodinger operator, the magnetic Schrodinger operator, and 
the classical wave operators, eg., the acoustic operator and the Maxwell 
operator. (See for a precise definition and |K1| for examples.) We as¬ 

sume that Hijj satisfies the standard conditions for a generalized Schrodinger 
operator with constants uniform in to. 

Measurability of H^j means that the mappings u f{Hi^) are weakly 
(and hence strongly) measurable for all bounded Borel measurable func¬ 
tions / on R. is Z'^-ergodic if there exists a group representation of 
by an ergodic family {r^; y G Z'^} of measure preserving transformations 
on (n, JF, P) such that we have the covariance given by 

U(y)H^U{yy = for all y G Z^ (2.1) 

where U{y) is the unitary operator given by translation: {U{y)f){x) = 
f{x — y). (Note that for Landau Hamiltonians translations are replaced by 
magnetic translations.) It follows that there exists a nonrandom set E such 
that = E with probability one, where (j[A) denotes the spectrum 

of the operator A. In addition, the decomposition of into pure 

point spectrum, absolutely continuous spectrum, and singular continuous 
spectrum is also the same with probability one. (E.g., lEHIHt].) 

We assume that the random operator satisfies the hypotheses of 
in an open energy interval X. These were called assumptions 
or properties SGEE, SLI, EDI, lAD, NE, and W in [HtTiT[HORTI^IkI] . 
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(Although the results in inr^ are written for random Schrodinger oper¬ 
ators, they hold without change for generalized Schrodinger operators as 
long as these hypotheses are satisfied.) Although we assume a polynomial 
Wegner estimate as in our results are still valid if we only have 

a sub-exponential Wegner estimate, with the caveat that one must substi¬ 
tute sub-exponential moments for polynomial moments (see inr^ Remark 
2.3]). In particular, our results apply to Anderson or Anderson-type Hamil¬ 
tonians without the requirement of a bounded density for the probability 
distribution of the single site potential. 

Property SGEE guarantees the existence of a generalized eigenfunction 
expansion in the strong sense. We assume that satisfies the stronger 
trace estimate rTTTTTl Eq. (2.36)], as in (Note that for classical 

wave operators we always project to the orthogonal complement of the 
kernel of Hui, see |GK1I IK1KSI IK1K| .) For some fixed k > | (which will 
be generally omitted from the notation) we let Ta denote the operator on 
H given by multiplication by the function (x — a)'', a G 13^, with T := Tq. 
Since {a + b) < \/2(a) (&), we have 

<2t(6-a)^ (2.2) 

The domain of T, 'D{T), equipped with the norm ||(/)||+ = ||T())||, is a Hilbert 
space, denoted by TI+ . The Hilbert space Ti- is defined as the completion 
of H in the norm HV’H- = • By construction, C Ti d Ti- , and 

the natural injections i+ : ^ Ti, and i- -.Ti ^ H- are continuous with 

dense range. The operators T+ : H+ H and T_ : —> Ti.-, defined by 

T+ = Ti+ , and T_ = *_T on 'D(T), are unitary. We define the random 
spectral measure 

Ai„(H) := tr{T-^PB,u>T-^} = \\T-^PbAI (2-3) 

where H C R is a Borel set and Pb,ui = Xb(^w)- It follows from iHim 
Eq. (2.36)] that for P-a.e. u) we have 

A^i^(.B) = ^,^(H n E) < ATanS) (2-4) 

where Kb '■= Kbdy: is independent of uj, increasing in Hn E, and Kb < oo 
if Bn E is bounded. Using the covariance 12.1 II . for P-a.e. oj and all a G A 
we have 


h^aAB) := WTAPbAI = \\T-AB,ri-aA\l = h^ri-aAB) < Kb- (2.5) 

We have a generalized eigenfunction expansion for H^: For P-a.e. to there 
exists a /Zc^-locally integrable function Ptj(A): R ^ 7i(7f+,7f_), the Ba¬ 
nach space of bounded operators A: Ti+ H- with trace class, 

such that 

tr{Trip^(A)T+i} = 1 for A, (2.6) 
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and, for all Borel sets B with B n S bounded, 

i.P^{B)i+= [ P^iX)dfiUX), (2.7) 

J B 

where the integral is the Bochner integral of Ti(7i+, 7i_)-valued functions. 
Moreover, if ^ e 7f+, then Pi^{X)cj) G H- is a generalized eigenfunction 
of Huj with generalized eigenvalue A (i.e., an eigenfunction of the closure 
of in Ti- with eigenvalue A) for /j,(^-a.e A. (See iKlT^ Section 3] for 
details.) 

The multiscale analysis requires the notion of a finite volume operator^ 
a “restriction” of to the cube (or box) Al{x), centered a.t x G 

with side of length L G 2N (assumed here for convenience; we may take 
L G TqN for a suitable Lq > 1 as in inisi), where the “randomness based 
outside the cube Al{x)” is not taken into account. We assume the existence 
of appropriate finite volume operators for x G with L G 2N 

satisfying properties SLI, EDI, lAD, NE, and W in the open interval I. 
(See the discussion in Section 4].) 

The region of complete localization 5^^ for the random operator in 
the open interval I is defined as the set of energies E G T where we have the 
conclusions of the bootstrap multiscale analysis, ie., as the set oi E G T for 
which there exists some open interval / C X, with E G I, such that given 
any (^, 0 < ^ < 1, and a, 1 < a < there is a length scale Lq G 6N and 
a mass m > 0 , so if we set X^+i = [Xfc] 6 N 7 fc = 0, 1,..., we have 

"P {R{m,Lk,I,x,y)}>l-e~^‘i (2.8) 

for all fc = 0,1,..., and x,y gZ‘^ with \x — y\ > Lk + g, where 

R{m,L,I,x,y) = (2.9) 

{w; for every E' G I either Al{x) or Al(j/) is (w, m, £'')-regular} . 

Here [A'JeN = niax{X G 6N; L < K} (we work with scales in 6N for 
convenience); p > 0 is given in Assumption lAD, if dist(Ai(a;), A/,/(cc')) > 
g, then events based in Al{x) and A^fx') are independent. Given E gR, 
x G and L G 6N, we say that the box AL(a;) is (w,m,i?)-regular for a 
given TO > 0 if i? ^ and 

\\rx,LR^,.AE)Xx,^\\<e-^^, (2.10) 

where Ru},x,l{E) = {H,^^x,l — E)~^ and Tx,l denotes the charateristic 

function of the “belt” Az,_i(a;)\Ai_ 3 (x). (See |GK1I H^ . We will take 
TL = L^(R‘^, dx; C"), but the arguments can be easily modified for Ti = 
£2(Z^;C").) 
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By construction is an open set. It can be defined in many ways, we 
gave the most convenient definition for our purposes. (We refer to 
Theorem 4.2] for the equivalent properties that characterize Sj'". The 
spectral region of complete localization in X, n E, is called the “strong 
insulator region” in inKH.) Note that is the set of energies in I where 
we can perform the bootstrap multiscale analysis. (If the conditions for the 
fractional moment method are satisfied in X, Sj'" coincides with the set of 
energies in X where the fractional moment method can be performed.) By 
our definition spectral gaps are (trivially) intervals of complete localization. 


3 Theorems and corollaries 


In this article we provide two new characterizations of the region of com¬ 
plete localization. The first characterizes the region of complete localization 
by the decay of the expectation of generalized eigenfunction correlations, 
the second by the expectation of decay of Fermi projections. 

We start with generalized eigenfunctions. Given A G K. and a € Z'^ we 
set 


Wy^(a) 


^ ||XaP^(A)0H 

|!TxT^(A)0|| 

P,.(A)0/O 

0 


if P^(A) ^0, 


otherwise. 


Wa^ ,uj(a) is a measurable function of (A,a;) for each a € with 

WA...(a)<(^)" = (l + |)®. 

Our first characterization is given in the following theorem. 


(3.1) 


(3.2) 


Theorem 1 Let / be a bounded open interval with / C X. If / C 
then for all ( s]0,1[ we have 

E{||WA..(x)WA..(2/)||Loe(,,d^^(A))} < for allx,j/e Z-^. 

(3.3) 

Conversely, if (lOl holds for some C G]0, 1[, then I C 


Note that the converse will still hold if we only have fast enough poly¬ 
nomial decay in (Toil . 


Remark 1 We may replace the denominator jjX^ EU by 

Qa{^) := inf {{b-ar ||X-ipA.^</.||} . 

Since 0a(</>) < ||X“^Pa,w^!'||, this slightly improves 13.311 . 
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Corollary 1 has pure point spectrum in the open set for P-a.e. 
Lo, with the corresponding eigenfunctions decaying faster than any sub¬ 
exponential. Moreover, we have (with := P{A},a;) 

e{||m^({A}) (trPA.J||L=o(,,d^„(A))} <Ci<^, (3.4) 

and hence for P-a.e. to the eigenvalues of in are of finite multiplicity. 

It is well known that has pure point spectrum in with expo¬ 
nentially decaying eigenfunctions. Our point is that pure point spectrum 
follows directly from (Toil . also yielding sub-exponentially decaying eigen¬ 
functions. The estimate is new, and it immediately implies that for 
P-a.e. w the random operator has only eigenvalues with finite multi¬ 
plicity in 

If has pure point spectrum we might as well work with eigenfunc¬ 
tions, not generalized eigenfunctions. Given A G K. and a G we set 


and 


Wx^Ua) 


\\XaP\,u,(t)\\ 
sup -=-^- 

Pa,^05^0 

0 


if Pa.c. ^ 0, 
otherwise, 


(3.5) 


(^) 


II Xo-^A,Ci; II 2 

0 


if Px,u, ^ 0, 
otherwise. 


(3.6) 


W^A,w(a) and Zx^^{a) are measurable functions of (A,a;) for each a G Z'^. 
They are covariant, that is, 

y\,ui{o) = Px,T(b)uj(a + b) for all b G Z'^, with Y = W oi Y = Z . (3.7) 

It follows from (EH) that i-Px^uii+ = Pa;(A)/ruj({A}). Since Pa,w ^ 0 
if and only if ^,^({A}) ^ 0, we have Wx^u:{a) = YVx,ui{a) if /r^^dA}) d 0 
and W\^i^{a) = 0 otherwise. Combining this fact with the definition of the 
Hilbert-Schmidt norm and we get 

ZxAa) < WxAa) < WxA^) < (l + 3 ) ^ • (3.8) 

Remark 2 has pure point spectrum in an open interval I if and only 
if for P-a.e. uj we have Wx^^{a) = WA,cj(a) for all a G Z'^ and A G /. 

Thus we have the following corollary to Theorem ^ 




Corollary 2 Let I be a bounded open interval with / Cl. If / C 

has pure point spectrum in I for P-a.e. u and for all ^ S]0,1[ and 
x,y G we have 

E[\\Z^^Ux)Z^Ay)\\L^ii,^^U^))} ^ C'7,ce-l"-^l', (3.9) 

E{|ibLA..(x)LLy.(y)||Loo(,,d;.„(A))} < (3.10) 

Conversely, if has pure point spectrum in / for P-a.e. lo, and either 
(13.911 or irnrui holds for some C, G]0, 1[, we have / C 

We now turn to almost sure consequences of Theorem ^ 


Corollary 3 Let / be be a bounded open interval with I C The 

following holds for P-a.e. w: has pure point spectrum in I with finite 

multiplicity, so let {ifn.uj}nGN be an enumeration of the (distinct) eigenval¬ 
ues of in I, with being the (finite) multiplicity of the eigenvalue 
En,u- Then: 

(i) Summable Uniform Decay of Eigenfunction Correlations (SUDEC): For 
each ( e]0,1[ and e > 0 we have 

||x.<(>||||x.V'll < Cz.c,e..||r-Vlll|T-Vll(2/)"+^ (3.11) 

||x.<(>||||x.V'll < ( 3 . 12 ) 

for all (j),^ G RanUg^ n G N, and x,y G 

(ii) Semi Uniformly Localized Eigenfunctions (SULE): There exist centers 
of localization {yn.i.,j}nGN for the eigenfunctions such that for each C, G]0, 1[ 
and e > 0 we have 

Ilx.<^ll < (3.13) 

for all (j) G RanPE^ n € N, and x G Z'^. Moreover, we have 

Nl,uj := ^ < Ci^ujL‘^ for all L > 1. (3.14) 


(iii) SUDEC and SULE for complete orthonormal sets: For each n G 
N let be an orthonormal basis for the eigenspace 

RanPE^ ^^;^, so {(/>nj,uj}neN,je{i, 2 ,...,iy„ is a complete orthonormal set of 
eigenfunctions of Hi^ with energy in I. Then for each ( G]0, l[ and £ > 0 
we have 


II Xa: 4’n,i,ijj 
II Xa: 4*n,i,uj 


||Xy<('nj.aa|| < Cj X ,e,u^/an,i,u^/an,j,u, 6 (3.15) 

II II ^ 0^nJ,uj {x) ^ {y) ^ e ^ , 

(3.16) 

\\Xx^u,j,J < (3.17) 
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for all n G N, i, j G {1, 2,..., iyn,ui}, and x,y G U^, where 

:= Il'T'Vnj.u.r, n GN, j G (3.18) 

an,j,uj = yuji{En,uj}) for all n G N, (3.19) 

an,j,io = y] = fj'ioil)- (3.20) 

ra.6N,jG{1.2,..raGN 

Remark 3 The statements (i) and (ii) are essentially equivalent, and im¬ 
ply finite multiplicity for eigenvalues, while (iii) does not, see inKe]. Note 
that in (ii) eigenfunctions associated to the same eigenvalue have the same 
center of localization. It is easy to see that (lirmi implies (linUl . the reverse 
implication also being true up to a change in the constant-both forms of 
SUDEC are useful. 

If / is a bounded open interval with I C it is known that that for 
P-a.e. Lo the operator has pure point spectrum in I with exponentially 
decaying eigenfunctions EHHSI Em ED. The SULE property is also 
known with exponential decay inniinTrn . Combining the proof of la 
Theorem 1.5] with the argument in |DrKI we also obtain SUDEC with 
exponential decay for P-a.e. lo. 

Theorem 2 Let I be be a bounded open interval with I C 5^^. For all 
(j) G H+ and A G / set := ||T“^P^(A)0p. The following holds for 
P-a.e. Lo and ^„-a.e. A G /: For all e > 0 there exists nie = > 0 such 

that for all G H+ we have 

||X,P.(A)0||||X,P.(A)V^|| (3.21) 

for all x,y G In particular, it follows that E[^ has pure point spectrum 
in I with exponentially decaying eigenfunctions. 

Unlike Theorem ^ Theorem |5] does not give a characterization of the 
region of complete localization. But it still implies that E[^ has only eigen¬ 
values with finite multiplicity in I [nE6|. 

Compared to the rather short and transparent proof of (ixra . the proof 
of (13.2111 is quite technical and involved-an extra motivation for deriving 

We now turn to the characterization in terms of the decay of Fermi 

/ T^\ 

projections. We set Pi := P]-oo,e],u:^ the Fermi projection corresponding 
to the Fermi energy E. 
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Theorem 3 Let I and h be bounded open intervals with / C /i C /i C 
If / C Let / be be a bounded open interval with / C X. If 
/ c Sj'", then for all C s]0, 1[ we have 


E sup 
[sei 


XxPL^'^Xv 


foralla;,y 


e z-^ 


(3.22) 


Conversely, if holds for some ^ G]0, 1[, then I C 

Again,the converse will still hold if we only have fast enough polyno¬ 
mial decay in (E!23). Its proof explicitly uses that slow enough transport 
(weaker than dynamical localization) implies that a multiscale analysis can 
be performed. The estimate iTT^ is known to hold for the Anderson 
model on the lattice with exponential decay, using the estimate given by 
the fractional moment method uni. 


4 Summable Uniform Decay of Eigenfunction 
Correlations 

In this section we prove Theorem ^ and its corollaries. 

Proof of Theorem^ Since I C given any 0 < C < 1) and a, 
1 < a < C~^) there is a length scale Lq G 6N and a mass m > 0, so if 
we set Lfe+i = [L^JeN) k = 0,1,..., we have (12.811 for all fc = 0, 1 ,..., and 
x,y with \x — y\ > Lk + g. 

Let / C be a bounded interval with / C X. Note that the quantity 
||WA,(,;(a;)WA,aj(2/)||Loo(j is measurable in w since the norm on 

sets of finite measure is the limit of the norms as p ^ oo. (It is actually 
covariant in view of the way Paj(A) is constructed (see jKlKSI Eq. (46)]), 
and the fact that the measures yL^j and yr(a)uj are equivalent.) 

Lemma 1 Let oj G R{m,L,I,x,y) (defined in (l2.hll b Then 

(4.1) 

Proof Let lo G R{m,L,I,x,y). Then for any A G /, either Al{x) 
or Ahiy) is (m, A)-regular for say Al{x). Given </) G P(^(A)(/) is 

a generalized eigenfunction of with eigenvalue A (perhaps the trivial 

eigenfunction 0), so it follows from the EDI jCKlI (2.15)], using Xx = 
Xx^Xx, that 

||x.Pa;(A)011 <7/||r..Li?..L(A)x,,i/3ll..Ll|r,,iP^(A)011. (4.2) 
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Since Al{x) is (m, A)-regular, we have that 

(4.3) 

since 

||r..LP.(A)</)|| < CdL<^-\i^nT-^PUX)n- (4.4) 

Thus, using the bound (lOl for the term in y, we get 63J. I 

If / C Sj'", given any 0 < C < 1, and a, 1 < a < there is a length 
scale Lq G 6N and a mass m > 0 , so if we set Lfe+i = [T^JeN, fc = 0 , 1,..., 
we have (Ol for all fc = 0 , 1,..and x,y with \x — y\ > Lk + g. 

Thus given x,y G and k such that Lk+i + ^? > \x — y\ > + g, it 

follows from 63 that 

E {|| ; R{m, L^, I, a;, y)} < . 

(4.5) 

On the complementary set we use the bound 1S21I for both terms, obtaining 

E|||WA,^(x)WA.a;(y)||L=o(7^dM,.(A)) ^ i?(m,Lfe,/,a;,y)| (4.6) 

< CdF{u; i. i?(m, Lfe,/,a;,y)} < Qe”^^. 

Since Lk+i + g > \x — y\ > Lk + g, the estimate (13.311 now follows with ^ 
instead of (. Since ( g] 0, 1[ and 1 < a < are otherwise arbitrary, (lOl 
holds with any ( g]0, 1[. 

To prove the converse, we use the following lemma. 

Lemma 2 For P-a.e. oj we have 

\\x.PM)Xy\\l < Cd(a;)""(y)2'=WA.^(x)WA.<.(y) (4.7) 

for all x,y G A G R. 

Proof. Let {^/’nlneN be an orthonormal basis for Ti.. We have 
||Xa;P<^(A)x„||2 = WXxPujWXy'^l^nf 

nGN 

< [Wa,.(x)]" E IK^Pu.WXvMl' (4-8) 

riGN 

= [Wa,.(x)] 2 ||r-ip,,(A)x,||2 < Cd(x)2'^(y)2«[WA,.(a;)]2, 
where we used (ESI and (ESI- 

Since \\XxPijWXy \\2 = WXyPui{A)Xx\\ 2 ^ the lemma follows. I 
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So now assume IIH.HII holds for some C £]0,1[. By Bi = ;Bi(R) we 
denote the collection of real-valued Borel functions / of a real variable 
with supjgg \f{t)\ < 1. Using the generalized eigenfunction expansion 12.7II . 
Lemma 121 and we get 


snp \\xxf{H^)Pc.{I)Xo\\2^ [\fW\\\XxPu;{X)xo\\2<ifiuj{X) (4.9) 

/GBi feBiJi 

< JUxPU^)xo\\2d^^U>^) < 

Thus it follows from iTOll that 


e| sup \\xxfiH^)Pu.iI)xo\\l'j < 

(4.10) 

and hence for all x, y G Z'^ we have 


E< sup \\XxfiHu:)PujiI)Xy\\l \ =e| SUp \\Xx-yf{H^)PL.iI)Xo\\l\ 

[f&Bi j J 

< (4.11) 

It now follows from |(1K5I Theorem 4.2] that I C 

Proof of Corollary\^ Let us consider a bounded interval / with I C 
It follows from (Umii that for any </> G 7i+ and /r(^-a.e. A G / we have 

||x.P.(A)<(.||||xyP.(A)<^|| < 2^Ci,^,^e-\^-y\U^)^^{yr\ml 

<C/,5,d.c.(x)3'=e-^l"-^l'||</)||^ (4.12) 

for all X, y G Z'^, where we used a consequence of (lO) . namely 

llT-iPc.(A)</.|| <2t(a)-|lP<,(A)<).||_ <2t(a)«||<^||+. (4.13) 


In particular, if P^(A)(^ 0 we can pick Xq G Z'^ such that XxoPwW4' ^ Oj 

and thus 

||X«P<.(A)<(>|| < C/.4,d,^||x.oP^(A)</)||-i<^||2 (xo)3''e-5l^-°l^ for all y G 

(4.14) 

It follows that P^(A)0 G and hence fiuj-a..e. A G / is an eigenvalue 
of Thus Huj has pure point spectrum in /, with the corresponding 
eigenfunctions decaying faster than any sub-exponential by (14.1411 . (See, 
e.g., EIKSl.) 
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In fact, these eigenvalues have finite multiplicity, a consequence of the 
estimate which is proved as follows: Using 1131) and we have 

/ia;({A}) {trPx,uj) = 

<Q ^ {x)-^^\\X.Px,jl\\XyPx,jl 
<CdKj Y. iZxAx)ZxAy)f 
<AK] Y A-"^ZxA^)ZxAy), 

x,y£Z^ 


and hence lld.411 follows from Remark 13 and Id.81) ( or from (1331) '). 

I 


Lemma 3 Let / be a bounded interval with / C ■ Then for all ^ € 
]0,1[, p > 1, and P-a.e. uj we have 


E 


aU-yr 


lWx,^(x)Wx,u,(y)r 


^ oo. 

L’^{I,dtJ.^{X)) 


(4.16) 


Proof. It follows from (TOl) and |331) that for any ^ G]0, 1[ and p > 1 
we have 


yx,yGZ^ J 

(4.17) 

and hence i|313|) follows. I 

In fact Lemma |3 holds for any p > 0 by modifying the proof of Theo¬ 
rem ^ 

Proof of Corollary]^ Since when has pure point spectrum in I for 
P-a.e. u! the estimate (13171 is the same as (1331) . the corollary with (13111 
follows immediately from Theorem ^ The estimate (1331) follows immedi¬ 
ately from from 13131) in view of (1331) . To prove the converse from 1331) . 
note that if paj({A}) ^ 0, we have, using (12.21) and 1331) . 


||Xa:Paj(A)Xj/|| — Pij({A}) || X^RA.^Xy II i 

< Ma;({A})”^ ||Xa;PA.a;|l 2 ||Xy || 2 

= Pa;({A})“^ llTaT^-PA.aj II2 11 Ty~^PA,u; 11 2 ^A.tj (a:)^A,i.j (p) 

<C'd{xr{yrZxAx)Zx,Ay). 
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Thus, if has pure point spectrum in /, lICTTi follows from (E3, and 
hence / C by Theorem 4.2], | 

Proof of Corollary]^ Pure point spectrum almost surely in / with eigen¬ 
values of finite multiplicity follows from Corollary^ It follows from LemmaOl 
that for all ^ G]0, 1[, p > 1, x,y £ £ RanPe^ ^^,^, n £ N, and 

i,j £ {1,2,..., Vn,Lj} we have 


Wx.mxy^W < [WE„..,M)WE„.^Ay)] [\\T-^mT- 


(4.19) 




where we used (1^ . 

The SUDEC estimate (111. 1 111 for given £ > 0 and ^ g] 0, 1[ follows from 
PTl?|l by working with | < k < , choosing p > 1 such that d -|- £ = 

and taking ^ 

To prove the SULE-like estimate (linUl . for each n S N we take a 
nonzero eigenfunction ijj £ RanPEn,^,Lu, and pick pn.uj £ (not unique) 
such that 

IIXy„.,.V'll = niaxlIxyV'll- (4.20) 

y&X- 

Since for all a £ 'Z‘^ and (j) £ Ti. we have 


\Ta Vf = 

ye’Z'^ 


= max||xj^())f WxyT < Cj max , 


(4.21) 


we get 


T-VII < C^d||Xy„,>ll for all a ez-^. 


(4.22) 


It now follows from 14.1911 . taking ^ as in 14.2011 . y = yn,Lj, using 14.2211 . 
and choosing p and ^ as above, that for dl\ x £1/, ijr ^ Ran Pe^,^ and 
i £ {1, 2,..., En^cu} we have 


||X.</>|| < (4.23) 

which is just iTTWi . 

SUDEC and SULE for the complete orthonormal set {(/>n,j,uj}neNje{i,2,...,i/„ 
of eigenfunctions of with energy in I follows. Note that the equalities 
and (1^:^ follow immediately from iOll . 
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To prove iimii . note that it follows from JTTTIl that 


\X{\x—yn,^\>R}4‘n,j,u || 


< Cr . (y < - 


,\x — yn,u)\'>R 
^ 1 


if we take 


R = Rnj,uj > 2 


(4.24) 


{log . (4.25) 


Given L> 1, we set 


Rl,^ = 2 {log (2C;,^,,,^(L)2(^+-)a„,,-.)}^ < (logL)^ , ^6) 

Sl,uj = L + 2R]^ i^ < C'i[q^s^ujR- 

Note that if |j/„,a;| < T we have ||xo.Si,^<('n.j.c^||^ > \ for all j G {1,2,.. .,Vn,uj}- 
Thus, using 113 and (12.511 . we get 


\Nl< E \\XQ,SL,^<l^n,3,ui\\^ = \\X0 ,Sl,u:PiA\1 

< E IIXaP/,<.||^ = E IIXoP/,.(-a).||^ (4.27) 

aGZ'^nAs^ ^(0) aGZ<inAgj^ ^(0) 

<Ca E ^^ri-a)M) < C'aSi^^Ki < Cl,c,e,.KiL'^, 

aGZ‘inAs^^^(0) 


which yields (imi . I 


5 SUDEC with exponential decay 

In this section we prove Theorem 12 

Proof of Theorem^ Let us fix e > 0. Since I C we can pick <{ G 
]0,1[ and a g]1, C~^ [ and such that a < (1 + e)C and there is a length scale 
Lq G 6N and a mass m = > 0, so if we set Lk+i = [L^JeN, A: = 0,1,..., 

we have (Em for all A: = 0,1,..., and x,y G with \x — y\ > Lk + g. We 
fix p g]|, 1[ and b > > 1. As in |K1I Proof of Theorem 6.4], we pick 

P |[ and b > > 1, and for each Xq G Z'^ and A: = 0,1, • • • define 


16 




the discrete annuli 

^fe+i(a;o) = {A 2 hLfc_,.i(a:o) \ A 2 Lfc(a;o)} H (5.1) 

ife+i(a;o) = |a^^^^^(xo) \ A^^^(a::o)} n Z'^. (5.2) 

We consider the event 

Fk= Pi P R{m,Lk,I,x,y), (5.3) 

log ^ x^Ak+i{y) 

with i?(m, L, J, X, y) given in (|2.9jl . It follows from H2.8jl thatEr=ini"fc)< 
oo, so that the Borel-Cantelli Lemma applies and yields an almost-surely fi¬ 
nite ki{uj), such that for all fc > /ci(a;), HE G I and log (y) < (mLfc-i-i)*'^'''^^ 
either KL^{y) is (w, m, i?)-regular or Kl^{x) is (w, m, i?)-regular for all 
X G Ak{y). For convenience we require ki{uj) > 1. 

Using ED Lemma 6.2] we conclude that for all y € Z'^, P-a.e. w, 
and /i(j-a.e. X G 2, there exists a finite ^2 = k 2 (y,uj,X) such that for all 
k > k 2 we have that A^^^y) is (w, m, A)-singular, and moreover ALj_^{y) is 
(w, TO, A)-regular unless ^ 2 ( 0 ;, y, A) = 0. 

For each y gIA we define k^ := k^{y) by 

(toL/c 3 )^^+®^ < log(?/) < (TOLfc 3 +i)^^+^^ , (5.4) 

when possible, with k^{y) = — 1 otherwise. 

We now set 

fc* := k^,{LO,y,X) = max{fci(w), ^ 3 ( 1 /), A: 2 (w, y, A) -b 1}; (5.5) 

note that 1 < fc*(aj,y, A) < 00 for P-a.e. w, and y^-a.e. Xg2. 

Let ^i>, V' S 1-1+ be given. Then for P-a.e. w, and y^j-a.e. A G X, if fc > fc, 
the box Ai^(y) is (w, to, A)-singular and thus Al^{x) is (w, to, A)-regular 
for all X G Ak+i{y). It follows, as in |K1I Proof of Theorem 6.4], that for 
all X G Ak+i(y) we have 

||x.P..(A)V'|| < C^,m(y)lT-^PMMIe-’^'’‘^-^‘, (5.6) 

where TOp = g]0,to[. It remains to consider the case when x G 

A_ 2 _j (y)nZ‘^. If k^ = maxlfci (m). ktivA > koiuj. v. AL we use (13.211 and. 

1 _p fc* _ 

if fc* = fc 3 (y), (ESI, getting 

lix.Pc.(A)V'll < C,llT-ip^(A)V']le-^'=*e—(5.7) 
^ f C'd(x)"llr-ip,,(A)V’||e 6 °s<s^»'^'e-’"l"-*^l if K = k^{y) 

- \ C'd(x)'‘llT-ip,^(A)V'||e™'^'=i(“)e-™l"^- 2 ^l if fc, = fci(w) ' 
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Estimating ||xyPaj(A)^!)|| by 13.211 . we get the bound 

llx.P.(A)V^llllx,P.(A)<^|| (5.8) 

with m' = mp. If fc* = fc 2 (w, j/, A) + 1 > max{fci(a;), ^ 3 ( 2 /)}, we must have 
^2 > 1 and hence A^^^iy) is (w, m, A)-regular. Using 14.311 and , we 
get 

||X,P<.(A)</>|| < Q,z.™(2/)1|r-ip^(A)</)||e-"^^. (5.9) 

If a; e A_ 2 _^|, ^ (y) n Z'^, we may bound the term in x by I3.2|l and get 15.811 
with m' = and another constant Cdu:- Since x G A^_^ (y)nZ‘^, 

we cannot have x ^ A 26 + 1 ( 2 /) lA Z'^ by our choice of b and p. Thus the 

only remaining case is when x G AJ.^^^(y), where A'^^j^i{y) is defined as in 
itOi but with 2p substituted for p. If all boxes Al^,^{x') with \x' — a:| < 
p\x — y\ are (w, m, A)-regular, the argument in |K1I Proof of Theorem 6.4] 
still applies, and hence we also get 15.611 and 15.811 with with m' = nip. If 
not, there exists x' G Ak 2 +i(y) with ja;' — a;| < pja: — y| such that A^^^^ (a;') 
is (w, m, A)-singular. Clearly, x' G Ak^+iiy) if and only if y G A^.^.+ii'^')■ 
In addition, since k^{y) < k 2 {uj,y,X) we have kz(x') < k 2 (uj,y,X) + 1, as 

log {x') < A log 2 + log (y) + log (^Lfe^+i) < (mLfc^+i)^^^®^ . (5.10) 

Thus, as k 2 > ki{uj), we can apply the argument leading to (ESI) in the 
annulus Ak^+iix'), obtaining 

||XyP<.(A)</>|| < Q,™(x')"||T-ip^(A)<)>||e-™'>l"'-^l (5.11) 

< C',^(2/)”||r-ip.(A)0||e-^(i-'’)™'>l"-^l, (5.12) 

where we used Ix'—xI < pjx—y| and |x'—y| > |x—y| —|x'—x| > ( 1 —p)|x—y|. 
Estimating ||x 2 ,P„(A)'!/'|| by 13.211 . we get the bound 

||XxP-(A)V'IIIIXyP-(A)</-|| < Cd,^(x)"(y)VaA, 0 aA,^e-™>-^l (5.13) 

with m! = p(l — p)mp. 

The thorem is proved. I 

6 Decay of the Fermi projection 

In this section we prove Theorem |31 


18 





Proof of Theorem]^ Let / and Ii be bounded open intervals with I C 
/i C /i C It follows from | (IK1I Theorem 3.8] that for all ( g] 0, 1[ we 
have 


eJ sup \\x.fiH^)PUh)Xy\\l\<Ci,xe-^^~^^' iorallx,yeZ‘^. ( 6 . 1 ) 

We write I = (a,P), and fix <5 = idist(/,5/i) > 0. Given ( sjO, 1[, we 
choose C g]^, 1[. Since is semibounded, we can choose 7 > —00 such 
that E c] 7 , oo[. We pick a L^-Gevrey function g of class ^ on ( 7 , oo[, such 
that 0<(;<1, (?=lon] — 00 , a — d] and g = 0 on j/I + d, oo[. (See 
[RoGKl Definition l.lj; such a function always exists.) For all if G J we 
have = g{Hu;) + fsiHui), wh ere /g(t ) = X]-oc,E\{t) - git) G ^i, with 
fsiHi^) = fEiHuj)Pui{Ii). Using [BoGKL Theorem 1.4], for P-a.e. to we 
have 

||Xa;5(^^i^)Xyll < C'!?,C.C'for all x,y G Z"*. (6.2) 

On the other hand, it follows from pm Eq. (2.36)] and the covariance 
that for P-a.e. w 

\\Xx9iHu)Xv\\i < \\Xx9iHu,)Xx\\l \\Xv9iHu)Xv\\l < Cg for all x,y G Z'^. 

(6.3) 

Since JjA]]^ < UA]] ||^||i for any operator A, we get 

\\XxgiHu,)xy\\l<Cg^(^^(;,e~^!>-(-‘:'^''~^^^ for all x,?/G Z'^. (6.4) 

The estimate (13.2211 for all C G]0, 1[ now follows from 116.Ill and 116.411 . 
To prove the converse, let us suppose (is:^ holds for some C G] 0 j 1 [-) 
Let X G C’^j^il). By the spectral theorem, 

= J e-^*^X{E)P^{dE) = -J {e-^*^X{E)y P^^Me 

= - J^{e-^*^X{E)y P^^Ue. (6.5) 

Thus for all n > 0 we have 




XiH^)Xo <Cxil + t) [ {x)^P^^ho 

2 Ji 


dP, 


( 6 . 6 ) 
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and hence 


E 


< Ci;{l + tfE 


rp(iS) 


Xo 


dE 


(6.7) 


< Cj^{l + tf\I\ / E 


\ p{E) 


Xo 


di? < Cx,I,nxi^ + 


where we used (Tna to get the last inequality. It follows that 


M{n,X,T) := 


T 


e ^E 


{x)^e-^*^-X{H^)xo 


dt 




( 6 . 8 ) 


hence 

liminf — A4(n, X,T) < oo for all a > 2 and n > 0. (6.9) 

T^oo pa V ^ V ^ 

It now follows from |(i!K5l Theorem 2.11] that / C I 
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